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Observations show that, at the beginning of their existence, neutron stars are accelerated briskly to 
velocities of up to a thousand kilometers per second. We argue that this remarkable effect can be 
explained as a manifestation of quantum anomalies on astrophysical scales. To theoretically describe 
the early stage in the life of neutron stars we use hydrodynamics as a systematic effective-ﬁeld-theory 
framework. Within this framework, anomalies of the Standard Model of particle physics as underlying 
microscopic theory imply the presence of a particular set of transport terms, whose form is completely 
ﬁxed by theoretical consistency. The resulting chiral transport effects in proto-neutron stars enhance 
neutrino emission along the internal magnetic ﬁeld, and the recoil can explain the order of magnitude of 
the observed kick velocities.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Proto-neutron stars are observed to receive kicks, i.e. a large 
change of momentum along a particular axis early in their evo-
lution [1]. We spell out a new mechanism to explain these kicks, 
based on the modern formulation of hydrodynamics in presence of 
quantum anomalies. It allows us to give an analytic and systematic 
explanation for asymmetric emission of matter out of the neutron 
star, and the resulting recoil can explain the kick. On a quali-
tative level, the kicks have been linked to asymmetric neutrino 
emission already in [2–4]. However, to link the study of anoma-
lies as microscopic effect to a macroscopic phenomenon like the 
neutron star kicks, one has to face the fact that the asymmetry 
may not survive thermal washout [5,6]. Working with hydrody-
namics as effective-ﬁeld-theory description from the outset avoids 
this issue, and allows us to work within one consistent frame-
work throughout. The crucial ingredients are anomalies, i.e. the 
breaking of classical conservation laws by quantum effects. The 
presence of such anomalies in a microscopic theory is a robust 
feature that persists in effective-ﬁeld-theory descriptions [7]. Con-
sequently, anomalies were found to have striking implications in 
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SCOAP3.the hydrodynamic regime [8–12], where one might otherwise ex-
pect them to simply be washed out. The effects of the resulting 
anomalous transport phenomena have been studied extensively on 
microscopic length scales, e.g. in heavy-ion-collisions [13–16]. Pre-
vious attempts to link astrophysical observations and speciﬁcally 
neutron star kicks to anomalous transport turned out to be prob-
lematic [17–19]. In this work we will speciﬁcally study the early 
stage of the neutron star evolution, when neutrinos have a short 
mean free path and can not be isolated from the electrons. In 
contrast to [17–19], we will therefore focus on the lepton num-
ber current, which combines both and is actually conserved at 
the classical level. In that environment there are sizable anoma-
lous transport effects in the presence of moderately large magnetic 
ﬁelds and, as we will see, they also affect the neutrinos. When the 
neutrinos are transported to the edge of the proto-neutron star and 
leave it, they carry away a large enough momentum component 
asymmetrically. The resulting mechanism is illustrated in Fig. 1. To 
estimate the kick we will build on existing numerical simulations 
for the full evolution of the neutron star and just compute the cor-
rections due to anomalous transport effects, which turns out to be 
justiﬁed as we will argue in the main part.
The rest of this note is organized as follows. We start by in-
troducing the hydrodynamic framework to ﬁx notation. We then 
discuss the speciﬁc currents which receive large contributions from  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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how they can propel it to the observed velocities. We then close 
with a brief discussion.
2. Anomalous hydrodynamics
In recent years, hydrodynamics has been reinterpreted and de-
veloped systematically in effective ﬁeld theory language [20,21]. 
The effective degrees of freedom are the classically conserved cur-
rents, and their hydrodynamic description is valid on length scales 
much larger than the mean free paths. One striking result of this 
program is that anomalies of the underlying microscopic quantum 
ﬁeld theory cause macroscopic transport effects [8–10]. Any sys-
tem which is described microscopically by a relativistic quantum 
ﬁeld theory receives the following contributions to a current corre-
sponding to a global symmetry (at ﬁrst order in the hydrodynamic 
expansion in gradients) [10]
Jμa = nauμ + σ ba V μb + σ Va ωμ + σ BabBbμ +O(∂2) , (1)
where a, b label the currents in the theory, na is the net charge 
density, uμ is the ﬂuid velocity, σ ba is the conductivity and 
V μa = (Eμa − T (ημν + uμuν)∂ν μaT ) with the ﬁeld strength Ea . Fur-
thermore, we have the temperature T , ﬂat metric ημν and the 
chemical potential μa which is thermodynamically conjugate to na . 
The two remaining terms in equation (1) contain the chiral vorti-
cal coeﬃcient σ Va , the vorticity ω
μ = 12μνρσ uν∂ρuσ , the chiral 
magnetic coeﬃcient σ Bab , and B
μ
b = 12μνρσ uν Fbμν with the ﬁeld 
strength tensor Fb (for the electromagnetic U(1)em this is the fa-
miliar magnetic ﬁeld). The remarkable feature is that, using the 
standard hydrodynamic restriction of positivity of the local entropy 
production, the transport coeﬃcients σ Va and σ
B
ab can be computed 
exactly from the anomalies of the underlying theory and thermo-
dynamic quantities [10,22]. The explicit expressions depend on the 
chosen frame. In the ﬁxed laboratory frame of [23], we have
σ Va =
1
2
Cabcμ
bμc − βaT 2 , σ Bab = Cabcμc . (2)
The Cabc are the coeﬃcients characterizing the anomalous conser-
vation laws, 〈∂μ Jμa 〉 = 18Cabcμνρσ F bμν F cρσ . In perturbative calcula-
tions, anomalies arise from triangle diagrams involving the three 
currents ja/b/c . The diagrams are generally not anomalous when 
all currents are vector-like (V), but can be for diagrams with axial-
vector (A) contributions of the form VVA or AAA. The T 2-term 
in (2) encodes the chiral transport effect at zero chemical po-
tential, and is linked to mixed gauge-gravitational anomalies [24,
25]. When dynamical gauge ﬁelds contribute to the anomalies, the 
transport coeﬃcients are not protected from renormalization and 
may receive additional contributions [26,27]. The explicit expres-
sions for σ V , σ B in (2) will allow us to compute the magnitude 
and direction of chiral transport contributions in a proto-neutron 
star below.
3. Currents and anomalies
We now introduce the relevant currents and discuss their 
anomalies. For the neutron star kicks we will be interested in 
the leptonic currents, and to keep the discussion clear we make 
a number of simplifying assumptions: Since neutrino masses are 
very small compared to typical temperatures and chemical poten-
tials in a neutron star, we will ignore them. The various lepton 
ﬂavors are then conserved separately at the classical level. The 
relevant leptons for our purposes are electrons and electron neu-
trinos, since these are the ﬂavors mostly produced in the relevant 
electroweak processes [28,29]. For our purposes lepton number therefore means electron number. The electron and neutrino cur-
rents alone are not conserved at the classical level due to the weak 
interactions, and in the highly interactive environment of a proto-
neutron star they can not be separated. For the hydrodynamic de-
scription we therefore have to consider the classically conserved 
lepton number current combining both. At typical neutron star 
temperatures of O(10 MeV), sphaleron processes are suppressed 
[30] and we will not take them into account. The electron mass 
is small compared to typical temperatures and chemical poten-
tials as well, and it is tempting to just work with massless elec-
trons. Despite being small, the electron mass was found to have 
drastic implications for the asymmetry between left-handed and 
right-handed electrons generated during the formation of a neu-
tron star in [31]. We will assume here that the left-handed and 
right-handed lepton number currents, J
L and J
R are separately 
conserved within each local equilibration region to a good enough 
accuracy to be part of the hydrodynamic description. The holo-
graphic study in [32,33] has shown that the anomalous transport 
effects present for conserved currents persist when the conserva-
tion is slightly violated, and they were even enhanced in certain 
cases. We leave the question of whether or not a large electron 
asymmetry is generated during the formation of the neutron star 
open and consider both scenarios when we discuss anomalous 
transport in the next section.
To discuss the anomalies we will use the linear combinations 
J
L ± J
R and call them J
 and J
5, respectively. The electron 
part in these currents is vector/axial vector like, while the neu-
trino part is purely left-handed for both. The charges under the 
respective symmetries U(1)
/
5 are 1 for all ﬁelds except for the 
right-handed electrons, which have −1 w.r.t. U(1)
5. Since neither 
of J
 and J
5 are purely vector like, we get a rather large number 
of different anomalous triangle diagrams. To begin with, both sym-
metries have a U(1)3a anomaly, yielding non-vanishing coeﬃcients 
Caaa with a = 
, 
5. We also get non-vanishing C
,
,
5 and C
,
5,
5. 
These will be relevant for the chiral effects due to the vortic-
ity only. We also have mixed anomalies with the electromagnetic 
gauge ﬁeld. Since the U(1)em is vector like, we get these from VVA 
diagrams. In these diagrams the neutrinos do not contribute since 
they are not charged under U(1)em, and J
/
5 therefore actually 
behave vector/axial vector like. We get two non-vanishing anomaly 
contributions corresponding to Cem,
,
5 and Cem,em,
5. Computing 
the actual numerical values of all these coeﬃcients is straightfor-
ward, and we do not need to list them here.
4. Chiral transport in proto-neutron stars
After the discussion of the general framework and the relevant 
currents above, we now focus on anomalous transport of leptons in 
the bulk of a neutron star. Electrons and neutrinos appear together 
in the classically conserved currents J
 and J
5, and anomalous 
transport, if present, thus affects both. With the non-vanishing 
anomaly coeﬃcients given in the previous section, we see that this 
indirectly communicates the presence of a magnetic ﬁeld also to 
the neutrinos, despite the fact that they are not charged with re-
spect to the electromagnetic U(1). The transparency properties of 
the crust will be discussed below.
To estimate the relative strength of the two anomalous trans-
port effects in the neutron star we take a look at its vorticity. 
The star can be modeled as a rigidly rotating disk of radius rN, 
with vorticity ω = −2 where  is the angular velocity. With 
 = 2π/ms as a ballpark ﬁgure [34], we then ﬁnd ω ≈ 10−17 MeV. 
The magnetic ﬁelds, on the other hand, can easily take values of 
1012 G ≈ 0.1 MeV2 [35]. The dimensionful quantities entering the 
coeﬃcients (2) are all of O(MeV), and we thus expect the chiral 
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of magnitude.
For an order-of-magnitude estimate of the coeﬃcient for the 
chiral effect due to vorticity we use [28,29]
/n
 = μ
 = 300 MeV , T = 10 MeV , (3)
along with  = 3P . This yields σ V
 ≈ (103Cx − 102β) MeV2, with 
an O(1) coeﬃcient Cx parametrizing the contribution from U(1) 
anomalies and the second term representing the temperature-
dependent contributions. The coeﬃcient β , which includes the 
gravitational contributions, enters at essentially the same order of 
magnitude as the pure U(1) anomalies parametrized by Cx .
We now turn to the chiral effects due to the magnetic ﬁeld, 
which we discuss in more detail. The coeﬃcients we are interested 
in are σ Ba,em with a = 
, 
5 , such that B is the magnetic ﬁeld of 
U(1)em. The explicit form is σ Ba,em = Ca,em,cμc . We see that at least 
one of the external ﬁelds in the triangle diagrams computing the 
Cabc is the electromagnetic gauge ﬁeld. As explained above, in that 
case the only non-vanishing coeﬃcients are Cem,
,
5 and Cem,em,
5. 
Assuming that the neutron star is neutral to a good approximation, 
we ignore the contribution due to the latter. With C = Cem,
,
5 =
1/(2π2) the explicit form of the coeﬃcients becomes
σ B
,em = Cμ
5, σ B
5,em = Cμ
 . (4)
To estimate the resulting currents we use (3) for the values of 
μ
 and n
 , and for the corresponding values for J
5 we discuss 
the two cases corresponding to whether the electron mass can be 
ignored or not, as explained above. The ﬁrst case is μ
5 ≈ 0. Noting 
that n
5 = neL − neR + nν , this describes the case where electron 
chirality is preserved: the electroweak interactions may generate 
a large chiral asymmetry for electrons, but the combined number 
of left-handed electrons and neutrinos is conserved. The range of 
magnetic ﬁelds observed in neutron stars is rather wide, and spans 
several orders of magnitude [35]. For our quantitative estimate, we 
assume that inside the neutron star the effective magnetic ﬁeld is 
approximately uniform. With the intermediate value B = 0.1 MeV2
and (3) we ﬁnd
J
 ≈ 0 , J
5 = Cμ
 B ≈ eB · 1 MeV3 . (5)
The effect is illustrated in Fig. 1(b): J
 ≈0 means that there are 
equal lepton currents moving parallel and antiparallel to the mag-
netic ﬁeld. From the non-vanishing J
5 we conclude that left-
handed and right-handed lepton currents are moving in opposite 
directions.
We now come to the second scenario, where the chiral asym-
metry of the electrons is washed out during the formation of the 
neutron star [31]. In that case we do get a non-vanishing μ
5 from 
the excess of left-handed particles due to the neutrinos. The num-
ber of left-handed and right-handed leptons in Fig. 1(b) then is 
not equal, resulting in a non-vanishing J
 . The left-handed current 
( J
 + J
5)/2, however, changes only by an O(1) factor compared 
to the previous scenario, and the same applies for its composi-
tion in terms of electrons and neutrinos. The crucial point for us is 
that only the neutrinos will be able to leave the neutron star, and 
the number of excess neutrinos moving along the magnetic ﬁeld 
changes only by an O(1) factor. The order-of-magnitude estimate 
of the kick in the next section is therefore not affected. In either 
of these two scenarios, the resulting neutrino ﬂux is linear in the 
uniform magnetic ﬁeld.1
1 For a non-uniformly distributed magnetic ﬁeld, we expect various types of cor-
rections. Within the hydrodynamic approximation there are higher order gradient 
corrections (e.g. gradients of the magnetic ﬁeld). Within the hydrodynamic regime, Fig. 1. Neutrinos are emitted from a proto-neutron star through chiral transport ef-
fects parallel to the magnetic ﬁeld B . (a) The general mechanism: each neutrino 
carries away the momentum pi , producing a recoil pns = − ∑i pi on the neutron 
star. (b) Illustration of the currents: J
 ≈0 but sizable J
5 means that left-handed 
lepton number ﬂows opposite to the right-handed one. Only the (left-handed) neu-
trinos can escape through the crust.
5. Kicks from chiral transport in proto-neutron stars
With the precise form of the transport coeﬃcients and an esti-
mate for the resulting currents, we can now estimate whether and 
how eﬃciently the resulting currents can accelerate the neutron 
star. In typical scenarios, the crust of a neutron star is transpar-
ent only to neutrinos, which are thus the only particles emitted, 
as illustrated in Fig. 1. This produces a recoil on the neutron star, 
which we estimate as follows.
To get the number of neutrinos leaving the neutron star, we 
compute the neutrino ﬂux N˙ν = |J |A, with the area of the ro-
tating disk A = πr2N and rN = 10 km. For the current we take 
the value for J
5 given in (5). As order-of-magnitude estimate we 
augment it by a factor of 1/2, to account for the fact that only 
the neutrinos can leave the neutron star. This is compatible with 
the number densities given in [28,29]. Converting to SI units, we 
ﬁnd N˙ν ≈1054/s, evaluated at the temperature and chemical po-
tential stated in equation (3). Even for neutrinos the mean free 
path is only on the order of one meter, see e.g. [36], and the hy-
drodynamic approximation is valid. To compute the corresponding 
momentum current we could use the chiral transport coeﬃcients 
for the energy–momentum tensor, as given in [23]. For the sake of 
simplicity, however, we just use the Fermi momentum as average 
momentum per neutrino, 〈pν 〉 ≈μ
 . This reproduces the same re-
sult. We note that the relevant scale for the anomalous transport 
is set by the chemical potential, which is more than an order of 
magnitude larger than the temperature. For the momentum of the 
neutron star after the kick we then get PNS = t N˙ν〈pν〉, where 
t≈10 s is the time span we assume for the kick to last. With a 
neutron star mass of mNS = 3 · 1030 kg this yields
v ≈ 103 km/s . (6)
We thus ﬁnd that the sudden momentum gains can indeed be 
explained by rapid neutrino emission due to the chiral transport 
effects, resulting in the simple picture shown in Fig. 1.
Before coming to the discussion of our results, we want to put 
the effect we obtained into perspective, by comparing the asym-
various effects could also lead to a decreased value for the effective magnetic ﬁeld 
or the effective area through which the currents ﬂow, e.g. through conﬁnement of 
ﬁeld lines to ﬂux tubes. A more severe systematic change would arise if large gra-
dients of the electromagnetic vector potential would lead to the breakdown of the 
hydrodynamic approximation, in which case our estimates do not apply.
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ted by a typical neutron star. A ballpark ﬁgure for the latter is 
Nν ≈ 1058 [37]. Integrating our emission rate of N˙ν = 1054/s
over 10 s, on the other hand, only gives about 1055. So the frac-
tion of neutrinos emitted asymmetrically due to the anomalous 
transport effects is very small. More detailed studies of time-
dependent neutrino luminosities conﬁrm this picture for the ﬁrst 
order 10 s in the central region of the neutron star [38], which 
is the part relevant for our analysis. This suggests that for pro-
cesses which do not rely speciﬁcally on the direction of emission, 
like cooling of the star, the anomalous transport effects produce 
only small corrections and ignoring them is a good approxima-
tion. It also shows that the additional emission is unlikely to 
signiﬁcantly alter properties like chemical potentials. This a pos-
teriori justiﬁes our decoupling of the anomalous transport ef-
fects from the more complicated analysis of the full neutron star 
evolution.
6. Discussion
We have estimated anomalous transport effects in proto-
neutron stars in a systematic hydrodynamic framework. A short 
mean free path here is a necessary ingredient for the hydrody-
namic description to be valid. In the highly interactive early stage 
of a proto-neutron star, one has to describe electrons and neutri-
nos by the classically conserved lepton-number current containing 
both. This way the neutrinos are sensitive to anomalous transport 
effects through anomaly diagrams with photons, even though they 
are not charged themselves. The electrons are crucial in the bulk 
of the neutron star and are only ﬁltered out at the crust, which 
leaves the neutrinos to escape and kick the neutron star. There 
are two independent effects, one causing neutrino emission along 
the axis of rotation, and the other one causing emission along the 
magnetic ﬁeld of the proto-neutron star. The latter turns out to be 
dominant by many orders of magnitude, and the neutrino recoil 
can indeed accelerate a typical proto-neutron star to velocities of 
order 103 km/s, in agreement with observations. The scale of the 
anomalous transport effects is set by the chemical potential, which 
is an order of magnitude larger than the temperature.
The precise form of the transport terms also allows for phe-
nomenological conclusions. On a qualitative level, we expect the 
kick to be aligned with the internal magnetic ﬁeld of the neutron 
star. If the magnetic ﬁeld is not aligned with the angular mo-
mentum and rotating quickly along with the star, the kick will be 
proportional to the net magnetic ﬁeld along the axis of rotation. 
This can allow to distinguish our scenario e.g. from the mecha-
nism of [39,40], which is insensitive to the neutron star spin. More 
quantitatively, we ﬁnd a precise relation between the properties of 
the neutron star and the strength and direction of the kick. The 
chiral effect due to the vorticity in principle offers access to mixed 
gravitational anomalies, which result in a quadratic temperature 
dependence. For typical neutron stars the effect is out-shined by 
the chiral effects due to the magnetic ﬁeld, but there may be situ-
ations where this is different [41].
Our estimates show that chiral transport can lead to sizable 
effects at least in certain phases of supernova explosions. Re-
cent work investigating the effects of chiral transport on core 
collapse supernovae conﬁrms this assertion [42,43]. For the fu-
ture it would be interesting to incorporate anomalous transport 
effects directly into numerical models for the dynamical evolution 
of proto-neutron stars, possibly utilizing magnetohydrodynamics as 
suggested in [44,45].Acknowledgements
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